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Abstract: By including the recently discovered Higgs-like scalar ϕ in the Electroweak
Chiral Lagrangian, and using the Equivalence Theorem, we carry out the complete one-
loop computation of the elastic scattering amplitude for the longitudinal components of
the gauge bosons V = W,Z at high energy. We also compute ϕϕ → ϕϕ and the inelastic
process V V → ϕϕ, and identify the counterterms needed to cancel the divergences, namely
the well known a4 and a5 chiral parameters plus three additional ones only superficially
treated in the literature because of their dimension 8. Finally we compute all the partial
waves and discuss the limitations of the one-loop computation due to only approximate
unitarity.
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1 Introduction
The LHC directly probes for the first time the sector of the Standard Model responsible for
Electroweak Symmetry Breaking. Two-particle invariant mass spectra of the longitudinal
components of gauge boson pairsWLWL and ZLZL are not yet at hand, but expected in the
next years. As the remainder of the Goldstone bosons of electroweak symmetry breaking,
the scattering of the longitudinal bosons at high-energy (high compared with MW , but not
larger than about 4πv ≃ 3TeV) is predicted by theory through the equivalence theorem [1],
even in the presence of strong interactions that may make other predictions doubtful.
The finding that the LHC collaborations ATLAS [2] and CMS [3] have published [4] is
a boson with scalar quantum numbers and couplings compatible with those of a Standard
Model Higgs. This might bring the Minimal Standard Model (MSM) to closure.
Most interestingly, no further new particle has been sighted [5] in the first run of the
LHC, up to an energy of 600-700 GeV (and higher yet for additional vector bosons). This
mass gap in the spectrum also naturally suggests that the Higgs is an additional Goldstone
boson, perhaps a dilaton from spontaneous breaking of scale invariance, or from a composite
Higgs model based on SO(5)/SO(4) or any other coset. The effective Lagrangian approach
includes these cases as we will point out, but irrespective of the true nature of the scalar
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boson, it encodes its interactions with the rest of the symmetry breaking sector. One feature
that we will adopt from these models, though, also shared by the Standard Model, is that
the Higgs-potential self-couplings are of order M2ϕ, and thus negligible for s≫M2ϕ. Apart
from this assumption, that covers all models of interest at the present time, our discussion
will remain general and uncommitted to a particular new physics scenario.
Several groups[6–14] are studying in detail the formulation of effective Lagrangians for
the four visible particles, their scattering amplitudes at low-energy and the unitarization of
those amplitudes to reach higher energies. These studies extend traditional effective-theory
approaches [15] to the Electroweak Symmetry Breaking Sector (EWSBS) modeled in total
analogy to Chiral Perturbation Theory in QCD [16].
In a recent work [17] we have shown that, for essentially any parameter choice except
that of the Standard Model and perhaps other very carefully tuned sets, the interactions
will generically become strong at sufficiently high energy, and have argued that a second,
very broad scalar pole is expected.
In this article we complete the one-loop computation of the two-body scattering am-
plitudes among the ω Goldstone bosons and the ϕ scalar with such a generic effective
Lagrangian, in the kinematic regime M2ϕ ≪ s < 4πv ≃ 3TeV. The Lagrangian density
is exposed in section 2 and the scattering amplitudes derived therefrom, in dimensional
regularization, are given in section 3. The calculation has been performed both analyti-
cally and also with standard one-loop automated computer tools, and the results agree.
The Feynman diagrams resulting from the effective Lagrangian are delayed to the appendix
given their large number.
Renormalization is carried out in section 4. Five NLO coefficients are necessary, the well
known a4 and a5 from the Electroweak Chiral Lagrangian, and three less studied ones, also
multiplying operators of dimension 8, that renormalize the Higgs self-interactions and the
channel coupling between scalar and longitudinal vector bosons. We do not assess operators
that are unnecessary to carry out the renormalization of the one-loop computation, with
the exception of (ϕ∂µϕ)(ϕ∂
µϕ) that we examine in subsection 6.3; the interested reader
can find a table of the 59 dimension-6 operators that extend the SM in [11].
In section 5 we provide the partial-wave projections of all three two-body amplitudes,
that will prove necessary in future work to examine the possible existence of new resonances
channel by channel.
Section 6 shows a numerical computation of the various partial waves to gain a feeling
for their behavior and sensitivity to the unknown parameters that carry the theory beyond
the Standard Model, and also to expose the violation of unitarity in perturbation theory,
since in the effective Lagrangian approach, amplitudes grow like a power of Mandelstam-s.
Our findings are summarized in section 7.
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2 The Electroweak Chiral Lagrangian with a Light Scalar
One of the lowest-order equivalent forms of the universal Electroweak Chiral Lagrangian
with the known particle content is a gauged SU(2)L × SU(2)R/SU(2)C = SU(2) ≃ S3
Non-linear Sigma Model (NLSM) coupled to a scalar field ϕ as
L0 = v
2
4
g(ϕ/f)(DµU)
†DµU +
1
2
∂µϕ∂
µϕ− V (ϕ) (2.1)
where U is a field taking values in the SU(2) coset that can be parametrized for example
as U =
√
1− ω˜2/v2 + iω˜/v; ω˜ = ωaτa being the would-be Goldstone boson (WBGB)
field [22]. The SU(2)L×U(1)Y subgroup is gauged as usual through the covariant derivatives
DµU = ∂µU +WµU −UYµ, Wµ = −giW iµτ i/2, Yµ = −g′iBiµτ3/2. In terms of Fermi’s weak
constant, v2 := 1/(
√
2GF ) = (246GeV)
2, while f is an arbitrary, new-physics energy scale
controlling the generic dynamics of the EWSBS. The scalar field interacts through g(x), an
arbitrary analytical functional; in the effective-theory approach only the first terms of its
Taylor expansion are probed
g(ϕ/f) = 1 + 2α
ϕ
f
+ β
(
ϕ
f
)2
+ .. (2.2)
Here we have introduced two parameters α and β instead of the more common a and b in [18],
but clearly we have a = αv/f and b = βv2/f2. With this natural but maybe unconventional
choice, having f instead of v in the denominators, the value of the adimensional vacuum-tilt
parameter ξ ≡ v2/f2 that corresponds to the Standard Model is ξ = 1.
Our philosophy here is to weigh the WBGB field intensity against the EWSB scale v
and the scalar field ϕ against the possible new scale f . Of course f = v is a particular
possibility corresponding to α = a and β = b (see [19] for some recent experimental bounds
on the a and b that we have also briefly discussed in [17]). Finally V is an arbitrary
analytical potential for the scalar field,
V (ϕ) =
∞∑
n=0
Vnϕ
n ≡ V0 +
M2ϕ
2
ϕ2 + λ3ϕ
3 + λ4ϕ
4 + ... (2.3)
At the the next to leading order in the chiral expansion one should add the four derivative
terms
L4 = a4(trVµVν)2 + a5(trVµV µ)2 (2.4)
+
γ
f4
(∂µϕ∂
µϕ)2 +
δ
f2
(∂µϕ∂
µϕ)tr(DνU)
†DνU +
η
f2
(∂µϕ∂
νϕ)tr(DµU)†DνU + ...
where Vµ = DµUU
†. We have written explicitly only the five terms strictly needed for the
renormalization of the one-loop elastic WBGB scattering amplitudes (for s ≫ M2W ) and
the unitarity-related processes ωω → ϕϕ and ϕϕ → ϕϕ. These terms produce additional
contributions to the amplitudes which are of order s2.
The chiral parameters a4 and a5 (multiplying the operators OD1 and OD2 in the clas-
sification of [13]) and the new ones γ, δ and η depend on whatever unknown underlying
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dynamics responsible for the spontaneous symmetry breaking of electroweak interactions
might exist. They all vanish in the MSM. The operators with coefficient δ and η are iden-
tified as O1 and O2 in the classification of Azatov et al. [7] while they are P19 and P20
in [8] and are NLO equivalent to OD7, OD8 in [13]. The operator associated with γ is
denoted as PH in [8] and OD11 in [13]. None of these authors give much detail on the use
or scale-dependence of these operators, important to this work.
The two operators multiplying δ and η are apparently of dimension 6. But this leading
dimension affects only transverse gauge-boson inelastic scattering WTWT → ϕϕ and not
the longitudinal ones. When expanding U , the relevant ωω → ϕϕ terms are of dimension 8
as shown shortly in Eq. (2.6). Thus, they are apparently of a high order in the classification
of all operators beyond the Standard Model, but as we will see they are necessary already
in one-loop renormalization.
The Lagrangian in Eq. (2.1) and Eq. (2.4) is able to reproduce the low-energy physics
of this sector of the SM for any possible dynamics having at least an approximate SU(2)
custodial isospin symmetry in the limit g = g′ = 0. For example the MSM corresponds to
the parameter selection α = β = ξ = 1 and a4 = a5 = γ = δ = η = 0. The Higgs field H is
just the scalar field ϕ so that M2H = M
2
ϕ = 2λv
2, and the scalar self-couplings are λ3 = λv,
λ4 = λ/4 (both proportional to M
2
ϕ) and λi = 0 for i ≥ 4.
In dilaton models [20] ϕ would represent the dilaton field, α = β = 1 as in the MSM
but ξ is arbitrary, f being the scale of the symmetry breaking. The potential and NLO
parameters depend on the particular dilaton model but in any case λi is of order M
2
ϕ for
any i.
Third, we also have the example of the SO(5)/SO(4) Minimally Composite Higgs
Model [21] where α = cos θ/
√
ξ, β = cos(2θ)/ξ, sin θ =
√
ξ and a4, a5 and the scalar-boson
couplings depend on the particular details of the model, but it can be assumed that the λi
are of order M2ϕ too.
Finally it is also possible to reproduce the old Higgsless Electroweak Chiral Lagrangian
(EWChL) in [15] by the simple parameter choice α = β = γ = δ = η = 0.
As discussed in the introduction, we pursue the elastic scattering of the longitudinal
components of the electroweak bosons at high energies, i. e., for
√
s ≫ 100GeV. In this
case, we can apply the Equivalence Theorem:
T (ωaωb → ωcωd) = T (W aLW bL →W cLW dL) +O
(
MW√
s
)
, (2.5)
and thus we will be probing the WBGB dynamics. This theorem applies for any renor-
malizable gauge, but the Landau gauge (where there remain massless WBGB) turns out
to be particularly useful. Therefore, in the following we will set g = g′ = 0 and the only
degrees of freedom to be considered will be the massless (in the Landau gauge) WBGB and
the Higgs-like scalar ϕ. Moreover, according to ATLAS and CMS Mϕ ≃ 125 GeV. Then
Mϕ ∼MW ∼MZ ∼ 100GeV. As a consequence it is a perfectly consistent approximation
to consider the massless ϕ limit, i.e., Mϕ ≃ 0 if one is only interested in the energy region
where the ET can be applied. Therefore we will concentrate on the WBGB scattering for
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M2ϕ,M
2
W ,M
2
Z ≃ 0≪ s < Λ2 where Λ is some ultraviolet (UV) cutoff of about 3 TeV, setting
the limits of applicability of the effective theory.
As in the three particular models just mentioned, we will also assume that the λi pure-
scalar potential parameters are of order M2ϕ so that we can neglect the scalar potential
altogether. In this kinematic regime, the relevant Lagrangian, derived from Eqs. (2.1)
through (2.4) is
L = 1
2
(
1 + 2α
ϕ
f
+ β
(
ϕ
f
)2)
∂µω
a∂µωb
(
δab +
ωaωb
v2
)
+
1
2
∂µϕ∂
µϕ
+
4a4
v4
∂µω
a∂νω
a∂µωb∂νωb +
4a5
v4
∂µω
a∂µωa∂νω
b∂νωb +
γ
f4
(∂µϕ∂
µϕ)2
+
2δ
v2f2
∂µϕ∂
µϕ∂νω
a∂νωa +
2η
v2f2
∂µϕ∂
νϕ∂µωa∂νω
a. (2.6)
Notice also that by rescaling f and redefining β it is possible to set α = 1 in Eq. (2.2)
without losing generality,
g(ϕ/f) = 1 + 2
ϕ
f ′
+ β′
(
ϕ
f ′
)2
+ . . . (2.7)
This leaves as free parameters in the above Lagrangian in our energy region of interest the
redefined f and β, the chiral parameters a4 and a5, and the three γ, δ, η ones involving the
new scalar boson. However, in the following we will still keep the explicit α-dependence in
our formulae so that we can easily trace for comparison with previous works. In particular,
as already pointed out, the old EWChL without any Higgs-like light resonance corresponds
to α = β = 0 (and vanishing higher order inelastic couplings).
3 The WBGB scattering amplitude in EWChPT at the one-loop level
3.1 Elastic ωω scattering
In this section we compute the scattering amplitudes using the Landau gauge and dimen-
sional regularization. We start by elastic WBGB scattering. Due to the custodial symmetry
of the SBS of the SM in the limit g = g′ = 0 the WBGB amplitude ωaωb → ωcωd can be
written as
Aabcd = A(s, t, u)δabδcd +A(t, s, u)δacδbd +A(u, t, s)δadδbc (3.1)
because the four particles are identical, the amplitude has to be crossing-symmetric and
expressible in terms of only one amplitude A. This, we conveniently expand following the
chiral counting, and also separately quote the NLO tree-level and 1-loop subamplitudes as
A = A(0) +A(1) · · · = A(0) +A(1)tree +A(1)loop . . . (3.2)
Then, from the Lagrangian in Eq. (2.6) the following tree-level amplitude results
A(0)(s, t, u) +A
(1)
tree(s, t, u) = (1− α2ξ)
s
v2
+
4
v4
[
2a5s
2 + a4(t
2 + u2)
]
. (3.3)
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At the one-loop level, a lengthy computation of the Feynman diagrams in the appendix
gives
A
(1)
loop(s, t, u) =
1
36(4π)2v4
[f(s, t, u)s2 + (α2ξ − 1)2(g(s, t, u)t2 + g(s, u, t)u2)] (3.4)
where we have defined auxiliary functions
f(s, t, u) := [20− 40α2ξ + ξ2(56α4 − 72α2β + 36β2)]
+ [12− 24α2ξ + ξ2(30α4 − 36α2β + 18β2)]Nε
+ [−18 + 36α2ξ + ξ2(−36α4 + 36α2β − 18β2)] log
(−s
µ2
)
+ 3(α2ξ − 1)2
[
log
(−t
µ2
)
+ log
(−u
µ2
)]
(3.5)
g(s, t, u) := 26 + 12Nε − 9 log
[
− t
µ2
]
− 3 log
[
− u
µ2
]
(3.6)
and in dimensional regularization D = 4− ǫ the pole is contained as usual in
Nǫ =
2
ǫ
+ log 4π − γ . (3.7)
Because of the factors of ξ, the amplitude in Eq. (3.4) contains terms proportional to
1/v4, 1/(v2f2), and 1/(f4), reflecting the various possible intermediate states in the one-
loop computation. We have checked also that our results agree with those found in [6] in
the limit of vanishing light scalar mass.
3.2 Scattering amplitudes involving the new ϕ scalar boson
The next two-body processes to consider are the channel coupling ωaωb → ϕϕ between two
ω WBGB and a scalar boson pair and ϕϕ → ωaωb, that are needed to obtain one-loop
unitarity in ωω scattering. Obviously both processes have the same amplitude because of
time reversal invariance. Since ϕ is an isospin singlet, the amplitude can be expressed as
Mab(s, t, u) = M(s, t, u)δab. (3.8)
Performing the chiral expansion as in Eq. (3.2), we find at tree level,
M
(0)
tree(s, t, u) +M
(1)
tree(s, t, u) = (α
2 − β) s
f2
+
2δ
v2f2
s2 +
η
v2f2
(t2 + u2) (3.9)
that takes a one-loop correction:
M
(1)
loop(s, t, u) =
α2 − β
576π2f2
[
f ′(s, t, u)
s2
v2
+
α2 − β
f2
[g(s, t, u)t2 + g(s, u, t)u2]
]
(3.10)
where
f ′(s, t, u) = −8[−9 + ξ(11α2 − 2β)] − 6Nε[−6 + ξ(7α2 − β)] (3.11)
+ 36(α2ξ − 1) log
[
− s
µ2
]
+ 3ξ(α2 − β)
(
log
[
− t
µ2
]
+ log
[
− u
µ2
])
– 6 –
and the function g is as defined in Eq. (3.6).
Finally we have the amplitude for the elastic scattering ϕϕ→ ϕϕ,
T (s, t, u) = T (0) + T (1)tree + T (1)loop . . . (3.12)
The tree amplitude is
T (0)(s, t, u) + T
(1)
tree(s, t, u) =
2γ
f4
(s2 + t2 + u2) (3.13)
and the one-loop piece can be written in terms of only one function
T (s) = 2 +Nε − log
(
− s
µ2
)
(3.14)
as
T
(1)
loop(s, t, u) =
3(α2 − β)2
2(4π)2f4
[
T (s)s2 + T (t)t2 + T (u)u2
]
. (3.15)
4 Renormalization of the amplitudes
Comparing the tree-level amplitudes in Eqs. (3.3), (3.9), (3.13) with the loop ones in
Eqs. (3.4), (3.10), (3.15) we see that the divergences in the one-loop pieces can be absorbed
just by redefining the couplings a4, a5, γ, δ and η from the NLO tree-level Lagrangian.
Therefore no α, β, v, f , wave-function nor mass renormalization is needed to obtain a finite
amplitude (a pleasant feature of dimensional regularization).
We proceed by choosing the modified minimal-substraction or MS scheme, so the
renormalized couplings are given by
ar4 = a4 +
Nǫ
192π2
(1− ξα2)2
ar5 = a5 +
Nǫ
768π2
(2 + 5ξ2α4 − 4ξα2 − 6ξ2α2β + 3ξ2β2)
γr = γ +
3Nǫ
64π2
(α2 − β)2
δr = δ − Nǫ
192π2
(α2 − β)(7ξα2 − ξβ − 6)
ηr = η +
Nǫ
48π2
ξ(α2 − β)2. (4.1)
Some limits of these renormalization relations can be easily checked. For example in the
case of the MSM (α = β = ξ = 1) we see that none of these five couplings is strictly
needed because of the renormalizability of the model. The case of the Higgsless EWChL
corresponds to α = β = 0 and consistently we find that γ, δ and η do not need any
renormalization and also we reproduce the well known results for the constants a4 and a5
[15] in this case. Finally we have checked also that the renormalization a4 and a5 agree with
the corresponding ones found in [6]. In terms of these renormalized couplings the elastic
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WBGB amplitude reads
A(s, t, u) =
s
v2
(1− ξα2) + 4
v4
[2ar5(µ)s
2 + ar4(µ)(t
2 + u2)] (4.2)
+
1
16π2v4
(
1
9
(14ξ2α4 − 10ξα2 − 18ξ2α2β + 9ξ2β2 + 5)s2 + 13
18
(ξα2 − 1)2(t2 + u2)
− 1
2
(2ξ2α4 − 2ξα2 − 2ξ2α2β + ξ2β2 + 1)s2 log −s
µ2
+
1
12
(1− ξα2)2(s2 − 3t2 − u2) log −t
µ2
+
1
12
(1− ξα2)2(s2 − t2 − 3u2) log −u
µ2
)
.
The inelastic ωω → ϕϕ amplitude is correspondingly
M(s, t, u) =
α2 − β
f2
s+
2δr(µ)
v2f2
s2 +
ηr(µ)
v2f2
(t2 + u2)
+
(α2 − β)
576π2v2f2
{[
72− 88ξα2 + 16ξβ + 36(ξα2 − 1) log −s
µ2
+ 3ξ(α2 − β)
(
log
−t
µ2
+ log
−u
µ2
)]
s2
+ ξ(α2 − β)
(
26− 9 log −t
µ2
− 3 log −u
µ2
)
t2
+ ξ(α2 − β)
(
26− 9 log −u
µ2
− 3 log −t
µ2
)
u2
}
(4.3)
and finally the ϕϕ→ ϕϕ amplitude may be written as
T (s, t, u) =
2γr(µ)
f4
(s2 + t2 + u2) (4.4)
+
3ξ2(α2 − β)2
32π2v4
[
2(s2 + t2 + u2)− s2 log −s
µ2
− t2 log −t
µ2
− u2 log −u
µ2
]
.
Apparently, the amplitudes in Eqs. (4.2), (4.3) and (4.4) depend on the arbitrary scale µ
through the log terms. However they also depend on µ implicitly through the renormalized
couplings a4 . . . η.
However, as there is no wave or mass renormalization, the amplitudes must be observ-
able and therefore µ-independent; then we may require that their total derivatives with
respect to log µ2 vanish. Integrating the resulting (very simple) differential equations, we
find the renormalization-group evolution equations for the different couplings which turn
out to be
– 8 –
ar4(µ) = a
r
4(µ0)−
1
192π2
(1− ξα2)2 log µ
2
µ20
ar5(µ) = a
r
5(µ0)−
1
768π2
(2 + 5ξ2α4 − 4ξα2 − 6ξ2α2β + 3ξ2β2) log µ
2
µ20
γr(µ) = γr(µ0)− 3
64π2
(α2 − β)2 log µ
2
µ20
δr(µ) = δr(µ0) +
1
192π2
(α2 − β)(7ξα2 − ξβ − 6) log µ
2
µ20
ηr(µ) = η(µ0)− 1
48π2
ξ(α2 − β)2 log µ
2
µ20
. (4.5)
These equations allow to reexpress the amplitudes at any second scale. They are diagonal, so
that the various coefficients do not enter the evolution equation for any other ones, a feature
that will not persist at higher orders in perturbation theory. Since no resonance beyond
the Standard Model is presently known, there is no particularly natural renormalization
scale µ, so we will arbitrarily employ µ = 1 TeV. All NLO numerical couplings quoted in
section 6 below are to be understood as taken at this scale.
5 Partial wave behavior in electroweak ChPT
The unitarity properties of the three scattering amplitudes are best exposed in terms of
the isospin- and spin-projected partial waves. For elastic WBGB scattering there are three
custodial-isospin AI amplitudes (I = 0, 1, 2) analogous to those in pion-pion scattering in
hadron physics,
A0(s, t, u) = 3A(s, t, u) +A(t, s, u) +A(u, t, s) (5.1)
A1(s, t, u) = A(t, s, u)−A(u, t, s)
A2(s, t, u) = A(t, s, u) +A(u, t, s) .
We can then project them over definite orbital angular momentum (the WBGBs carry zero
spin), and choose the normalization as
AIJ(s) =
1
64π
∫ 1
−1
d(cos θ)PJ(cos θ)AI(s, t, u) . (5.2)
These partial waves also accept a chiral expansion
AIJ(s) = A
(0)
IJ (s) +A
(1)
IJ (s) + ..., (5.3)
where
A
(0)
IJ (s) = Ks
A
(1)
IJ (s) = s
2
(
B(µ) +D log
s
µ2
+ E log
−s
µ2
)
. (5.4)
– 9 –
The constants K, D and E and the function B(µ) depend on the different channels IJ =
00, 11, 20, 02 as shown below and we will use the same notation for the inelastic and pure-ϕ
scattering reactions.
As AIJ(s) must be scale independent we have
B(µ) = B(µ0) + (D + E) log
µ2
µ20
; (5.5)
For elastic ωω scattering, this B function is linear in the NLO chiral constants (with certain
proportionality coefficients p4 and p5 that can be read off Eq. (5.7) and following)
B(µ) = B0 + p4a4(µ) + p5a5(µ) , (5.6)
where from now on we omit the superindices r on the renormalized coupling constants for
simplicity.
A direct evaluation of the integral in Eq. (5.2) substituting the renormalized amplitude
obtained in Eq. (4.2) for the ωω → ωω process produces the following auxiliary K, D, E
constants and B(µ) functions.
For the scalar-isoscalar channel with IJ = 00,
K00 =
1
16πv2
(1− ξα2)
B00(µ) =
1
9216π3v4
[101 + 768(7a4(µ) + 11a5(µ))π
2 + ξ(169α4ξ + 68β2ξ − 2α2(101 + 68βξ))]
D00 = − 1
4608π3v4
[7 + ξ(10α4ξ + 3β2ξ − 2α2(7 + 3βξ))]
E00 = − 1
256π3v4
[(1− ξα2)2 + 3
4
ξ2(α2 − β)2)] . (5.7)
For the vector isovector IJ = 11 amplitude,
K11 =
1
96πv2
(1− ξα2)
B11(µ) =
1
110592π3v4
[8 + 4608(a4(µ)− 2a5(µ))π2 − ξ(67α4ξ + 75β2ξ + 2α2(8− 75βξ))]
D11 =
1
9216π3v4
[1 + ξ(4α4ξ + 3β2ξ − 2α2(1 + 3βξ))]
E11 = − 1
9216π3v4
(1− ξα2)2 . (5.8)
For the scalar isotensor IJ = 20:
K20 = − 1
32πv2
(1− ξα2)
B20(µ) =
1
18432π3v4
[91 + 3072(2a4(µ) + a5(µ))π
2 + 7ξ(17α4ξ + 4β2ξ − 2α2(13 + 4βξ))]
D20 = − 1
9216π3v4
[11 + ξ(17α4ξ + 6β2ξ − 2α2(11 + 6βξ))]
E20 = − 1
1024π3v4
(1− ξα2)2 (5.9)
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and finally for the tensor isoscalar IJ = 02,
K02 = 0
B02(µ) =
1
921600π3v4
[320 + 15360(2a4(µ) + a5(µ))π
2 + ξ(397α4ξ + 77β2ξ − 2α2(320 + 77βξ))]
D02 = − 1
46080π3v4
[10 + ξ(13α4ξ + 3β2ξ − 2α2(10 + 3βξ))]
E02 = 0 . (5.10)
Since the “Higgs” boson has zero custodial isospin, the ωω → ϕϕ and ϕϕ → ϕϕ
reactions only proceed in the isospin zero channel I = 0. In the first, inelastic, case we
have M0(ωω → ϕϕ) =
√
3M(s, t, u) and for the scalar-scalar interaction, T0(ϕϕ → ϕϕ) =
T (s, t, u). The chiral expansions equivalent to the ωω elastic one in Eq. (5.4) are now
MJ(s) = K
′s+ s2
(
B′(µ) +D′ log
s
µ2
+ E′ log
−s
µ2
)
. . .
TJ(s) = K
′′s+ s2
(
B′′(µ) +D′′ log
s
µ2
+ E′′ log
−s
µ2
)
. . . (5.11)
(with J subindex omitted in the constants). The functions B′(µ) and B′′(µ) are in all
analogous to B(µ) as defined in Eq.(5.6), but with the constants a4, a5 renormalizing the
elastic ωω channel being substituted by δ, η (for B′) and γ (for B′′) involving the ϕ boson.
In consequence we find for the ωω → ϕϕ partial waves MJ , starting by the scalar one,
K ′0 =
√
3
32πf2
(α2 − β)
B′0(µ) =
√
3
16πv2f2
(
δ(µ) +
η(µ)
3
)
−
√
3(α2 − β)
18432π3v2f2
(71ξα2 + ξβ − 72)
D′0 = −
√
3(α2 − β)2
9216π3f4
E′0 = −
√
3(α2 − β)
512π3v2f2
(1− ξα2) (5.12)
while for the tensor M2 channel
K ′2 = 0
B′2(µ) =
η(µ)
160
√
3πv2f2
+
83(α2 − β)2
307200
√
3π3f4
D′2 = −
(α2 − β)2
7680
√
3π3f4
E′2 = 0 . (5.13)
Finally for the ϕϕ → ϕϕ reaction the T0(s) scalar partial-wave amplitude is given by the
set of constants
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K ′′0 = 0
B′′0 (µ) =
10γ(µ)
96πf4
+
(α2 − β)2
96π3f4
D′′0 = −
(α2 − β)2
512π3f4
E′′0 = −
3(α2 − β)2
1024π3f4
(5.14)
and the tensor T2 in turn by
K ′′2 = 0
B′′2 (µ) =
γ(µ)
240πf4
+
77(α2 − β)2
307200π3f4
D′′2 = −
(α2 − β)2
5120π3f4
E′′2 = 0 . (5.15)
The µ-invariance of all the above partial waves is easy to check by substituting the µ-
evolution of the renormalized couplings in Eq. (4.5).
The partial-wave amplitudes AIJ(s), MJ(s) and TJ (s) are all analytical functions of
complex Mandelstam-s, having the proper left and right (or unitarity) cuts, shortened to
LC and RC respectively. The physical values of their argument are s = E 2CM + iǫ (i.e. on
the upper lip of the RC), where ECM is the total energy in the center of mass frame. For
these physical s values, exact unitarity requires a set of non-trivial relations between the
different partial waves that we now spell out.
For I = 0 and either of J = 0, J = 2, where channel coupling is possible,
ImA0J = |A0J |2 + |MJ |2 (5.16)
ImMJ = A0JM
∗
J +MJT
∗
J
ImTJ = |MJ |2 + |TJ |2 .
These relations are not exactly respected by perturbation theory, but are instead satisfied
only to one less order in the expansion than kept in constructing the amplitude. At the
one-loop level one has
ImA
(1)
0J = |A(0)0J |2 + |M (0)J |2
ImM
(1)
J = A
(0)
0JM
(0)
J +M
(0)
J T
(0)
J
ImT
(1)
J = |M (0)J |2 + |T (0)J |2.
For the remaining channels with I = J = 1 and I = 2, J = 0 the ωω → ωω reaction is
elastic and the unitarity condition is just
ImAIJ = |AIJ |2 I 6= 0 (5.17)
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and at the NLO perturbative level,
ImA
(1)
IJ = |A(0)IJ |2 I 6= 0 . (5.18)
There are in all eight independent one-loop perturbative relations, that can also be
obtained by applying the Landau-Cutkosky cutting rules and directly checked in each of
the partial waves for the three reactions, providing a very good, non-trivial check of our
amplitudes.
6 Phenomenology of the partial waves
6.1 Numerical evaluation
In this section we evaluate all partial waves with the constants in Eq. (5.7) and following
and expose their dependence on the LO parameters that separate them from the Standard
Model, and on the NLO parameters as well. Generically, the partial waves (whether we
plot the real, the imaginary part or the modulus) will correspond to the OY axis and be
denoted by t, while the OX axis is the squared physical cm energy s = E2cm.
In figure (1) we have plotted the elastic ωω → ωω amplitude without NLO constants,
by setting a4 = a5 = 0 at µ = 1 TeV (scale also chosen in all examples to follow). Also
f has been chosen at 500 GeV, which is about 2v, and to avoid channel coupling we have
kept α2 = β = 1 (Standard Model values) so that all the (α2 − β) factors vanish.
First we observe the real part of the amplitude (top plot in the figure). We conclude
that just like in low-energy hadron physics, the IJ = 00 wave is strongly attractive, the
IJ = 11 (without NLO constants) mildly attractive, the 02 wave negligible in the low-energy
region, and the IJ = 20 wave is actually repulsive.
Next we turn to the imaginary part (middle plot) and modulus (bottom plot). It is
plain that unitarity is badly violated at a scale between 2 and 3 TeV (for this modest value
of f) because the modulus of A00 exceeds 1, which is not possible according to Eq. (5.17).
But moreover, the equation is not well satisfied even for much smaller scales. This is a
handicap of perturbation theory.
We now switch-on a4 and a5 within the range of values explored in reference [23], and
plot the results in figure 2.
In agreement with that reference, we find that positive values of a4 or a5 enhance the
IJ = 00 channel at low energy, while negative values suppress it. The 11 vector amplitude
is enhanced by positive a4 and negative a5, while the 20 isotensor one is larger for negative
a4 or a5. The IJ = 02 amplitude seems too small in the low-energy region to be of much
use in early experiments for small a4 and a5, but it is sensitive to the NLO terms.
We now fix a4 and a5 to 0.0025 at the same scale of 1 TeV and note the variation of
the amplitudes respect to f in figure 3.
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Figure 1. From top to bottom: real part, imaginary part, and modulus of the elastic ωω → ωω
scattering amplitude to one loop. Here f = 500 GeV (approximately 2v), and the NLO constants
are chosen to be a4 = a5 = 0 at a scale µ = 1 TeV. We show the four NLO non-vanishing partial
waves AIJ .
|A00|, in the top left plot, is seen to shoot more rapidly for larger f , implying the
generic ωω interaction will be stronger yet. The effect is opposite for the tensor amplitude
in the bottom right panel, |A02|, presenting a smaller modulus. The other two amplitudes
are initially larger at smaller energies, but as s increases the trend changes and they become
less prominent for larger f .
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Figure 2. For f = 500 GeV, we take a non-zero (positive or negative) a4 or a5 at µ = 1 TeV and
plot the modulus of the partial wave amplitudes for elastic ww → ww scattering. In clockwise sense
from the top left, we show |A|00, |A|11, |A|02, |A|20.
Figure 4 shows the inelastic ωω → ϕϕ and elastic ϕϕ → ϕϕ for parameters f = 350
GeV, α = 1.1 (perfectly allowed by current LHC bounds [19]), β = 2 (unconstrained at
the LHC) and all three NLO parameters γ, δ, η set to zero at 1 TeV. Because α2 − β
is negative with this parameter choice, the real part of M0 is also negative, while ReT0
remains positive due to the factor appearing squared. More than in elastic ωω scattering,
the J = 2 amplitudes are completely negligible.
This is also the case for the ϕϕ → ϕϕ tensor amplitude in figure 5 showing the sen-
sitivity to including the γ parameter with a small value of ±0.005; obviously if a tensor
resonance exists that couples to this T0 channel, it will entail a large value of γ. The scalar
amplitude is more commensurate with others, yet keeping in mind that it is very dependent
on (α2−β)2. The effect of a positive γ is to enhance (negative γ, to decrease) the amplitude
at very low scales.
In figure 6 we plot the moduli of the ωω → ϕϕ scalar and tensor amplitude showing the
effect of adding either δ = ±0.005 or η = ±0.005. The tensor piece M2 is only affected by
η as per Eq. (5.13). The scalar amplitude on the left panel is on the other hand influenced
by both, and becomes larger for either of δ or η taking a negative value.
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Figure 3. For fixed a4 = a5 = 0.0025 at µ = 1 TeV, we vary f as indicated and plot the modulus
of the perturbative partial wave amplitudes for elastic ww → ww scattering. In clockwise sense
from the top left, we show |A00|, |A11|, |A02|, |A20|.
6.2 Experimental extraction of parameters
In view of these results, an experimental programme to measure the parameters of the
EWSBS and check them against the Minimal Standard Model from “low” energy data in
the TeV region or below would start by a partial-wave analysis ofWLWL spectra, where one
would hope to be able to fit a4, a5, f and β (setting α = 1). The tensor wave being very
small a priori, one would resort to the scalar-isoscalar, vector-isovector, and scalar-isotensor
final states, selected by the charge combinations of the W ’s. If A02 is nevertheless found to
be large, this would immediately point out to important NLO contact terms.
To proceed, one would first attempt an extraction of the leading order (∝ s) scalar
amplitude (see Eq. (5.7) ) whose slope gives access to f . Then the three NLO (∝ s2)
partial waves in Eqs.(5.7), (5.8), (5.9) give access to different linear combinations of a4, a5
and β, so obtaining the slopes of the s2 terms in the spectra allows their isolation.
In the absence of a ϕϕ spectrum, a unitarity analysis of the partial WLWL waves
may reveal the leak of probability to that unmeasured channel. The slope of the LO term
(∝ s) is an independent measure of β/f2. The slope of the NLO s2 term in Eq. (5.12)
then gives access to the combination δ + η/3. Separately measuring η (and thus δ) seems
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Figure 4. From top to bottom: real part, imaginary part, and modulus of the elastic ϕϕ → ϕϕ
and cross-channel ωω → ϕϕ scattering amplitude to one loop. Here f = 350 GeV (somewhat larger
than v), α = 1.1, β = 2, and the NLO constants are chosen as γ , δ , η(µ = 1TeV) = 0.
quite hopeless because it requires to separate the tiny tensor M2 channel. Unless the BSM
spectrum contains a tensor resonance in the TeV scale, this will be heroic.
One can do little else unless a ϕϕ two-scalar boson spectrum becomes available. In
such case, one may access the γ parameter directly from the scalar amplitude at NLO, while
fitting simultaneously δ and η.
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Figure 5. ϕϕ elastic scattering in the presence of the NLO γ parameter with µ = 1 TeV. Left:
modulus of the scalar partial-wave. Right: modulus of the tensor partial-wave. Note the very
different scale.
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Figure 6. ωω → ϕϕ channel-coupling amplitude in the presence of the NLO δ and η parameters
taken at µ = 1 TeV, alternatively. Left: modulus of the scalar partial-wave. Right: modulus of the
tensor partial-wave. Note the very different scale.
It remains to comment that, although we have been speaking of “strong” interactions
in case the parameters of the low-energy Lagrangian density separate from the MSM, the
cross-sections are rather small because of the 1/s flux factor. For example, the ωω → ωω
cross-section can be expressed as
σ(s) =
64π
s
∑
IJ
(2I + 1)(2J + 1)|AIJ |2 ; (6.1)
the 1/s factor sets the scale at 1 TeV−2 ≃ 0.39 nbarn (increased to a meager 78 nbarn
with the 64π factor). For example, we can use the amplitudes from figure 2 with the same
parameters there indicated to plot the elastic ωω → ωω cross section in figure 7, that shoots
up rapidly for essentially any a4 or a5 enhancing BSM physics, but remains relatively small
when compared with hadronic cross sections (of order 70 mbarn at the LHC, five orders of
magnitude larger).
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Figure 7. Cross-section for ωω → ωω resulting from evaluating Eq. (6.1) with the amplitudes in
figure 7 and the parameters there described (taken again at µ = 1 TeV).
What “strong interactions” means in this context is that the AIJ amplitudes have mod-
uli of order 1. Then, for example, Watson’s final state theorem applies due to rescattering,
and the phases of theWLWL or ϕϕ production amplitudes should be the same as the phases
of the elastic amplitudes (that are not directly accessible since we do not have asymptotic
beams of these unstable particles).
6.3 Tree-level Higgs scattering: terms proportional to m2ϕ
We have been working in the chiral limit with m2ϕ ≃ m2W ≃ m2Z ≃ 0. This is a theoretical
limit that may bear resemblance with reality in the energy region s ≃ 1 TeV2 where squared
momenta are significantly larger than masses, but it is perhaps useful to briefly assess the
size of the terms neglected.
We focuse on ϕϕ→ ϕϕ elastic scattering, because our chiral amplitude vanishes at O(s)
with the series starting at O(s2) (see Eq. (5.14) where K = 0) so one expects maximum
sensitivity to the correction.
Our amplitude, at a simple reference point such as µ2 = s = 1 TeV2 can be written as
T0
(
s = 1 TeV2
)
=
1 TeV4
96πv4
ξ2
(
10γ(1TeV) +
α2 − β
π2
)
(6.2)
= 0.905ξ2
(
10γ +
α2 − β
π2
)
In the first place, if we consider instead the Higgs self-coupling potential in the Standard
Model,
V self =
m2ϕ
2v
ϕ2 +
m2ϕ
8v2
ϕ4 , (6.3)
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in the absence of new physics, the amplitude (heretofore vanishing due to our taking the
chiral limit) would be, after projecting over J = 0,
T self0 = −
3m2ϕ
32πv2
(
1 +
3m2ϕ
s−m2ϕ
+ 2× 3m
2
ϕ
s− 4m2ϕ
log
(
m2ϕ
s− 3m2ϕ
))
. (6.4)
At s = 1 TeV2, this is numerically equal to −7.7(1 + 0.048 + 2× 0.205) = −1.12 10−2.
Comparing with Eq. (6.2), we see that the Standard Model Higgs self-couplings are
negligible respect to the BSM ones at a scale of 1 TeV when
ξ2(α2 − β)≫ 0.12 . (6.5)
As discussed in [17], this is phenomenologically viable (essentially, β is unconstrained to
date).
Even when α2 = β = 1, the other term in eq. 6.2 can also dominate the scattering if
10π2ξ2γ ≫ 0.12 , (6.6)
as Standard Model Higgs self-couplings would then be negligible. In this case α2 = β = 1
(see sec. 5), so the channels decouple; still, the interactions are strong.
Nevertheless, if the separation from the SM is small so that α2 ≃ β, ξ ≃ 1 and
γ . 1.2 · 10−3, a phenomenological analysis should keep the SM couplings (this is akin
to keeping the pion-mass terms in chiral perturbation theory for low-energy QCD, and
routinely done).
As we proceed to consider operators beyond the standard model in the Higgs sector, we
encounter two more of dimension six [11], that involve two derivatives of the Higgs doublet
field,
QH✷ :=
(
H†H
)
✷
(
H†H
)
(6.7)
QHD :=
(
H†DµH
)∗ (
H†DµH
)
.
After substituting the real physical field ϕ and neglecting the coupling to the transverse
gauge bosons, they reduce to
Qϕ✷ = ϕ
2
✷ϕ2 (6.8)
Qϕ∂ = (ϕ∂µϕ) (ϕ∂
µϕ) .
These last two operators are related by use of Green’s first identity,
Qϕ✷ = −4Qϕ∂ + boundary term . (6.9)
In this paragraph we explore the addition of a term proportional to Qϕ∂ to the effective
Lagrangian density in Eq. (2.1).
One can discuss the normalization of the operator, whether γ64f2Qϕ∂ or
v2γ6
4f4 Qϕ∂ should
be taken in the effective Lagrangian, with a certain coefficient γ6. Irrespective of this, the
scattering amplitude ϕ1ϕ2 → ϕ3ϕ4 can be easily calculated, yielding
iTQϕ∂ = −4i
γ6
4f2
(
ξ2
)
(p1p2 − p1p3 − p1p4 − p2p3 − p2p4 + p3p4) (6.10)
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where the prefactor of 4 is combinatoric (hence the 1/4 in the normalization) and ξ2 depends
on how one decides to normalize the operator. Eliminating the momenta in terms of the
Mandelstam variables,
iTQϕ∂ = −i
γ6
f2
(
ξ2
) (
s+ t+ u− 6m2ϕ
)
(6.11)
we see that
TQϕ∂ = γ6
2m2ϕ
f2
(
ξ2
)
. (6.12)
Nominally, the operator is zero in the chiral limit mϕ → 0 and thus negligible in the
TeV region unless the unknown coefficient γ6 is not of natural size (in the Standard Model,
of course, γ6 = 0).
In conclusion, because the operator Qϕ∂ is of one more order (at least) in the 1/f
counting than the SM Higgs self-couplings, it can be neglected to a first approximation
in the 100 GeV region respect to the SM ones; because it is of the same order in the m2ϕ
counting, it can be consistently neglected against the other beyond SM operators in dealing
with TeV-scale ϕϕ scattering.
7 Summary and discussion
With the present experimental situation, the Electroweak Symmetry Breaking Sector might
be completely described by the Glashow-Weinberg-Salam Standard Model [24], with 3 lon-
gitudinal ωL | zL bosons and the potential finding of its Higgs boson on the table. If Beyond
SM physics exists, the mutual couplings of these four bosons will separate from the SM.
The most interesting feature is the absence of any new particles below about 600-700 GeV
implying that a separation from the SM in the couplings will lead to strong interactions.
We have calculated and renormalized the 1-loop amplitudes in Electroweak Chiral
Perturbation Theory supplemented by the new scalar boson, a natural alley of investigation
based on a low-energy Effective Lagrangian that other groups are also pursuing. In doing
so we have found that 3 dimension-8 derivative operators, not analyzed in depth in previous
literature, are necessary in addition to the standard ones associated with a4 and a5. We
have shown sensitivity of WBGB scattering [25] including now the new scalar boson, to all
the LO and NLO parameters in the Lagrangian density.
Strong interactions and unitarity violations in perturbation theory appear as soon as
v 6= f (ξ 6= 1), α 6= 1 as seen in Eq. (3.3) or β 6= 1, or finally any of η, γ, δ, a4, a5 6= 0.
As usual in an effective Lagrangian, the tree-level amplitudes present polynomial behavior
and the one-loop diagrams bring in standard left and right cuts into the partial waves.
We have found that, without the NLO constants, the amplitudes behave (unsurpris-
ingly) just like in hadron physics, with strongly attractive I = J = 0 elastic ωω scattering,
not so strong I = J = 1 scattering, small (vanishing at LO) J = 2 scattering, and repulsive
I = 2 scattering.
The latter one leaves us wondering. In QCD π+π+ scattering is naturally repulsive due
to the Pauli exclusion principle operating at the quark level, with ud¯−ud¯ blocking-off parts
of the ground state wavefunctions. From the point of view of the effective Lagrangian, this
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repulsion is built into the flavor structure, inherited by the Electroweak Chiral Lagrangian.
But it is odd, since there is no known nor necessary fermion constitution of the W+ bosons,
that W+W+ “exotic” scattering should be repulsive. In this respect it is relieving to find,
as we did in figure 2, and in agreement with [23], that the addition of either a4 or a5 NLO
terms with a negative sign makes the tensor amplitude much stronger at low energy. Exotic
resonances are possible and leave a low-energy footstep in the EWChL (and are natural in
extensions of the MSM that need a Higgs multiplet with charged members).
We wish to remark also that the ϕϕ → ϕϕ scattering occurs via a non-diagonal ωω
loop if the interactions indeed become strong through mismatches of α and β as well as
f and v to their Standard Model values, quite irrespective of the value of the Higgs self-
couplings λ3, λ4. These couplings do not need to be known to high precision [26] if strong
interactions beyond the Standard Model operate in the TeV region, as they would have a
negligible effect anyway. It appears that the Run II of the LHC should be quite conclusive
as respects further strong interactions in EWSB, as long as WLWL can be separated.
In all the amplitudes studied, the tensor J = 2 projections computed from the LO and
loop-NLO (no NLO counterterms) are totally negligible in the few-TeV regime: two-body
scattering in the electroweak symmetry breaking sector is dominated by J = 0, with a
non-negligible contribution of J = 1 in ωω → ωω (that because of Bose symmetry, cannot
be present in the channels involving ϕϕ).
In future work we intend to study unitarization methods that render these one-loop
amplitudes more theoretically sensible, and see what resonances appear in the different
spin-isospin channels for physically acceptable values of the parameters.
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A Feynman diagrams
In this appendix we present the Feynman diagrams that we have employed to generate the
one-loop parts of the amplitudes written down in Eq. (3.4), (3.10), (3.15). The diagrams
have been automatically generated with FeynRules [27] and FeynArts [28], and evaluated
with FormCalc [29, 30], though the whole computation has also been carried out analytically,
since it is of moderate difficulty, being a one-loop evaluation in the massless limit. Both ways
of computing the amplitudes agree, thus checking the output of the computer programs.
The only minor issue is that the automated tools seem to have problems with Einstein’s
summation convention when confronting the counterterm (∂µϕ∂
µϕ)2 that needs to be typed-
in as (∂µϕ∂
µϕ)(∂νϕ∂
νϕ).
Figure (9) shows the ωω → ωω one-loop contributions that build up Eq. (3.4). There
one can easily identify vertex corrections (such as Feynman diagrams 1 to 10), s and t/u
channel bubbles (diagrams 13-15) or box diagrams (11 and 12).
The same kinds of diagrams (but in smaller numbers) can be identified in figure 8 that
shows what needs to be computed for ϕϕ→ ϕϕ elastic scattering in Eq. (3.15).
Finally, figures 10 and 11 contain the Feynman diagrams necessary to compute the
interchannel amplitude ωω → ϕϕ in Eq. (3.10).
– 24 –
Figure 8. Feynman diagrams corresponding to ϕϕ elastic scattering.
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Figure 9. Feynman diagrams corresponding to ωω elastic scattering.
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Figure 10. Feynman diagrams corresponding to ωω → ϕϕ channel coupling.
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Figure 11. Further Feynman diagrams corresponding to ωω → ϕϕ channel coupling.
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